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Abstract
According to the Belinskii–Khalatnikov–Lifshitz scenario, a collapsing universe
approaching a spacelike singularity can be approximated by homogeneous cosmolog-
ical dynamics, but only if asymptotically small spatial regions are considered. It
is shown here that the relevant small-volume behavior in solvable models of loop
quantum cosmology is crucially different from the large-volume behavior exclusively
studied so far. While bouncing solutions exist and may even be generic within a
given quantum representation, they are not generic if quantization ambiguities such
as choices of representations are taken into account. The analysis reveals an interest-
ing interplay between sl(2,R)-representation theory and canonical effective theory.
1 Introduction
Claims such as “loop quantum cosmology replaces the big bang singularity by a bounce”
have become commonplace in a large fraction of the literature on the subject. However,
without any qualifications and the specification of assumptions, they are not supported
by current results in this field. The available evidence is a mixture of numerical and
analytical results which are interpreted as demonstrating the existence of what is referred
to as a bounce, preventing space from approaching a degenerate geometry. However, these
results demonstrate specific features which are realized for a simple non-singular bounce
picture — a time-dependent volume with a single local minimum, reached when the energy
density is about Planckian — but do not necessarily imply it. Quoting this collection of
results as proof of singularity resolution via a generic bounce is therefore misleading.
For instance, numerical solutions for wave functions in simple models may show a
bouncing trajectory of the volume expectation value as a function of internal time, bounded
away from zero by a minimum reached close to the Planck density [1]. But since it is difficult
to control a sufficiently large set of initial states based only on numerics, it is important
to know analytical properties of solutions, at least within certain approximations. On this
side, the main witness of bouncing behavior is usually summoned in the form of upper
bounds on the eigenvalues or expectation values of density operators [2, 3]. Such upper
bounds are close to the density at which numerical solutions reach their minimal volume.
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They have therefore been interpreted as generic analytical evidence, strengthening the
circumstantial evidence provided by numerical investigations.
However, the case for a generic bounce constructed so far is incomplete due to several
conceptual gaps in the arguments put forward. For instance, the existence of upper bounds
of the expected densities does not imply that the expected geometry is never degenerate,
if quantum fluctuations are taken into account: We will present explicit counter-examples
in the form of solutions in which the triad expectation value crosses zero and the density
expectation value always stays below a Planckian upper bound. If the expected triad van-
ishes, a fluctuating state is supported on positive and negative triads, such that the volume
(related to the absolute value of the triad variable) remains positive and follows a bouncing
trajectory. However, the geometry may still become degenerate. The unquestioned link be-
tween bounded densities, bouncing volume expectation values, and singularity avoidance,
made commonly in arguments in favor of a generic bounce in loop quantum cosmology,
therefore constitues a conceptual gap.1
A further conceptual gap consists in the assumption that only solutions describing the
evolution of a large homogeneous region (a large averaging volume V0) need be considered
because the late-time initial state should have large-scale homogeneity if it is to approxi-
mate our universe. The matter energy in such a region is large, even if the density is small.
In an effective Friedmann equation, the classical matter term then dominates quantum
fluctuations when the state is evolved toward the big bang, which simplifies arguments in
favor of a bounce. However, as recently pointed out [4], the assumption of a large averaging
volume fails to describe the approach to a spacelike singularity in a generic way: While
the Belinskii–Khalatnikov–Lifshitz (BKL) scenario [5] does show that homogeneous models
may be used to understand the dynamics close to a spacelike singularity, such models do
not describe an entire homogeneous space but only an asymptotically small region of de-
creasing size not bounded from below. Therefore, small averaging regions, rather than large
ones, are relevant near a spacelike singularity of BKL type. (On approach to a spacelike
singularity, the size of the averaging region must be reduced continually through infrared
renormalization in order to maintain the approximation by a homogeneous model. A large
averaging volume at late times is therefore consistent with a small averaging volume close
to a spacelike singularity.)
For small volumes, it is no longer clear whether the matter term always dominates
quantum fluctuations, and the usual bounce arguments no longer apply. In fact, it was
shown already in [6] that non-bouncing solutions may be possible in models of loop quan-
tum cosmology if fluctuations are sufficiently large. In this paper, we present a more
1See for instance the attempted contrast between Wheeler–DeWitt quantum cosmology and loop quan-
tum cosmology in [2]: “Thus, for a generic state matter density diverges in the distant past (or distant
future). In this sense the singularity is unavoidable in the WDW theory. In LQC by contrast, on a dense
subspace the expectation value of the volume operator has a nonzero minimum and diverges both in the
distant past and future. Thus, the density remains finite and undergoes a bounce. In this sense the
quantum bounce is generic and not tied to semiclassical states.” While the technical comments about loop
quantum cosmology are correct, they do not rule out a singularity in the sense of a degenerate spatial
geometry being reached at finite time.
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detailed analysis of the small-volume behavior, using further developments of the methods
introduced in [6]. In a novel combination with sl(2,R)-representation theory, we will be
able to prove that bouncing solutions are generic within certain representations, including
the one implicitly chosen in [2], but not within the set of all possible representations.
Models of loop quantum cosmology have been analyzed by a variety of methods, in-
cluding algebraic ones and Hilbert-space techniques. While the former are more general
because they are independent of the choice of representations and can often incorporate
quantization ambiguities in a more generic fashion, they have occasionally been claimed
to be less rigorous or even inequivalent to Hilbert-space results; see for instance [2]. Since
our new results in the present paper are based mainly on algebraic methods, we will be-
gin by demonstrating that the algebraic statements of [6] are equivalent to those derived
with Hilbert-space techniques, in particular those used in [2], up to choices of represen-
tations and factor-orderings. This equivalence will serve different purposes in addition to
demonstrating the validity of algebraic results: It will show more clearly how an analysis
of bounce claims is subject to quantization ambiguities, and it will lead to new analog
models in which the bouncing (or non-bouncing) behavior is shown clearly and intuitively
without being obscured by technical considerations of unobservable features such as the
specific form of a Hilbert-space representation.
By juxtaposing different outcomes for small-volume solutions, including bouncing and
non-bouncing ones depending on properties of quantum states as well as quantization
ambiguities, this paper highlights specific tasks that remain to be completed before one
can claim the robustness or genericness of a bounce in loop quantum cosmology, if it is in
fact realized.
2 Solvable models
Loop quantum cosmology [7, 8] is a canonical quantization of homogeneous models of
general relativity. Classically, the scale factor a has a canonical momentum given by
pa = −(3/4πG)V0aa˙ where the time derivative is by proper time and V0 is the coordinate
volume of the homogeneous region chosen to represent all of space. If space is compact,
V0 may but need not be the entire coordinate volume. However, infrared renormalization
implies that V0 must be small compared with the entire volume if the homogeneous model
is supposed to describe the geometry near a BKL-type singularity.
The canonical variables appear in phase-space functions, such as the Friedmann equa-
tion or Hamiltonian constraint, which may be modified in order to model quantum effects.
When parameterizing quantization ambiguities, it is convenient to work with a more gen-
eral set of canonical variables given by
Q =
3(ℓ0a)
2(1−x)
8πG(1− x) , P = −ℓ
1+2x
0 a
2xa˙ , (1)
where ℓ0 is such that ℓ
3
0 = V0 and the parameter x 6= 1 determines a 1-parameter family
of canonical pairs. (In several expressions derived below the limit x → 1 can be taken
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and then refers to canonical variables in which Q = (3/4πG) log a.) The choice x = −1/2
is particularly convenient because it leads to a momentum P = −a˙/a independent of ℓ0,
while Q is then proportional to the geometrical volume, V = ℓ30a
3 = 4πG|Q|. To facilitate
a comparison with [2], we will often highlight results obtained with this choice of x, but
note that it is far from being unique.
We take Q to be a real number, extended from the definition (1) to negative values by
identifying the sign of Q with the orientation of a triad underlying the spatial geometry
determined by a. Triads are, in fact, fundamental geometrical objects in loop quantum
cosmology [9]. A real-valued Q, not restricted to be positive, therefore allows for a one-to-
one correspondence with the basic geometrical variable of the theory.
In terms of Q and P , the spatially flat Friedmann equation can be written as(
8πG|1− x|
3
|Q|
)(1+2x)/(x−1)
P 2 =
8πG
3
ρ (2)
with the matter energy density ρ. Solvable models in different forms are obtained for a
free massless scalar φ as the only matter choice, such that
ρ =
1
2
p2φ
V 2
=
1
2
(
8πG|1− x|
3
|Q|
)3/(x−1)
p2φ (3)
with the canonical momentum pφ = ℓ
3
0a
3φ˙ of φ. Therefore, imposing the Friedmann equa-
tion is equivalent to setting
p2φ =
3
4πG
(
8πG(1− x)
3
|Q|
)2
P 2 =
16πG
3
(1− x)2Q2P 2 (4)
or
pφ = ±
√
16πG
3
|1− x||QP | . (5)
If the scalar φ is used as internal time, the momentum pφ plays the role of a Hamil-
tonian, generating evolution equations for Q(φ) and P (φ). Up to the absolute value, this
Hamiltonian is quadratic according to (5), suggesting a coherent quantum behavior. We
simplify the expression for the Hamiltonian by introducing
λ =
√
16πG/3 |1− x|φ (6)
as internal time, which is canonically conjugate to
pλ =
√
3
16πG(1− x)2 pφ (7)
and therefore implies the Hamiltonian
H = pλ = ±|QP | . (8)
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2.1 Holonomy modifications
Loop quantum cosmology suggests modifications of the Friedmann equation of two types,
inverse-triad corrections [10] and holonomy modifications [11, 12]. The former are mo-
tivated by the fact that operator versions of Q in loop quantum cosmology do not have
densely defined inverses, such that there is no direct quantization of the density (3). Nev-
ertheless, following methods of the full theory of loop quantum gravity [13], it is possible
to construct operators which have an inverse power of V or Q as their classical limit,
but have quantum corrections for small volume. These inverse-volume corrections imply
that the Hamiltonian (8) should be multiplied by a function that approaches one in the
classical limit but does not identically equal one. For our considerations, inverse-volume
corrections will only play a supporting role. Details will therefore be provided in a later
section dedicated to their potential implications.
Models of loop quantum cosmology do not provide an operator version of P . There
are, rather, operators that quantize hδ = exp(iδP ) for any real δ but are not continuous
at δ = 0, such that the would-be operator version of P = −idhδ/dδ|δ=0 does not exist.
The Friedmann equation, therefore, can be quantized only such that the classical version
is obtained approximately for small δP , but with holonomy modifications when δP is of
the order one. These modifications are crucial for possible bounces because a simple way
of writing P in terms of hδ is given by the bounded function
hδ − h∗δ
2iδ
=
sin(δP )
δ
(9)
which approaches P for δP ≪ 1 but, unlike P , is bounded. For x = −1/2 in (2), the
modification implies that the energy density is always bounded.
Using this modification, the deparameterized Hamiltonian equals
Hδ = ±|Q sin(δP )|
δ
(10)
instead of (8). It is no longer quadratic, but still leads to linear equations of motion for
the sl(2,R)-variables Q, ReJ and ImJ with J = Qhδ = Q exp(iδP ) [6]. (See also [14]. A
different sl(2,R)-model of loop quantum cosmology has been investigated in [15, 16, 17,
18, 19].) The brackets
{Q,ReJ} = −δImJ , {Q, ImJ} = δReJ , {ReJ, ImJ} = δQ (11)
are linear, and
Hδ = ±|ImJ |
δ
(12)
is linear in the generators, up to the absolute value. The variables are subject to the
condition Q2 − |J |2 = 0 (implying that P is real) which is preserved by the evolution
equations — the condition selects a specific value of the quadratic Casimir of sl(2,R). The
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model can be quantized such that the linear sl(2,R) relations are maintained for Qˆ− 1
2
~δ
and Jˆ , ordering
Jˆ = Qˆhˆδ (13)
such that
[Qˆ,ReJˆ ] = −i~δImJˆ , [Qˆ, ImJˆ ] = i~δReJˆ , [ReJˆ , ImJˆ ] = i~δ
(
Qˆ− 1
2
~δ
)
. (14)
Imposing the quantum reality condition Qˆ2 − Jˆ Jˆ† = 0, such that Pˆ is self-adjoint, shows
that
Qˆ2 − (ReJˆ)2 − (ImJˆ)2 = 1
2
(
Qˆ2 − ̂exp(−iδP )Qˆ2 ̂exp(iδP )
)
= δ~
(
Qˆ− 1
2
δ~
)
. (15)
The Casimir operator (
Qˆ− 1
2
~δ
)2
− (ReJˆ)2 − (ImJˆ)2 = −1
4
δ2~2 (16)
therefore takes a value which happens to be the limit of the principal continuous series
of sl(2,R)-representations (contained in the complementary series as C01/4 in the notation
of [20]). The same Casimir, with an operator Qˆ having positive and negative eigenvalues,
is obtained for the reducible representation D+1/2 ⊕ D−1/2 where D±k , are discrete-series
representations with Casimir k(k − 1). (An irreducible discrete-series representation only
has Qˆ-eigenvalues of one sign.) This is in fact the representation selected if one quantizes
Qˆ and Jˆ in (13) via a standard quantization of Qˆ and periodic Pˆ .
The quantum Hamiltonian appears in the factor ordering
Hˆδ = ±|ImJˆ |
δ
= ± 1
2iδ
∣∣∣Qˆ ̂exp(iδP )− ̂exp(−iδP )Qˆ∣∣∣ . (17)
The availability of two inequivalent representations for the given Casimir has dynamical
implications which will play an important role in our discussions later on. The spectrum
of Qˆ is discrete in both cases, but in the reducible case of D+1/2 ⊕D−1/2 the two subspaces
of fixed sgnQ are left invariant by any sl(2,R)-element, including the Hamiltonian. It is
therefore impossible for a state supported only on Q > 0, say, to evolve into a state with
some support on Q < 0. Such a representation, unlike the irreducible option of C01/4,
therefore makes it more likely for initial states to bounce, even though the possibility of
〈Qˆ〉 approaching zero asymptotically is not ruled out. However, unless one can show that
the reducible representation is somehow distinguished, ensuring bouncing solutions by a
choice of representation would be ad-hoc. The algebraic treatment is clearly of advantage
here because it highlights possible choices that may be obscured by constructions that start
with the choice of a specific Hilbert space, such as the kinematical one used in [2]. As we
will see below, the algebraic approach also allows us to derive representation-independent
statements about solutions.
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2.2 Representations
It is straightforward, although ambiguous, to represent the basic operators Q and J as
well as the Hamiltonian Hδ on a Hilbert space. Since we have already chosen an internal
time, such a representation amounts to deparameterized quantization on a physical Hilbert
space. Alternatively, one may represent Q, J (or hδ) as well as φ and pφ on a kinematical
Hilbert space and then impose the quantized Friedmann equation via a constraint. Dirac
quantization then leads to the physical Hilbert space. In [2], group averaging has been
applied to complete this procedure, leading to a representation which at first sight looks
rather different from what one would expect for a quantization of (12). (See also [21] with
additional results about non-uniqueness of scalar products in a Hilbert-space representa-
tion.) If P is restricted to the 2π/δ-periodicity of (12), Qˆ has a discrete spectrum ~δZ.
The inner product of two wave functions, ψ1(Q) and ψ2(Q), on this Hilbert space is given
by
(ψ1, ψ2) =
∑
Q∈~δZ
ψ1(Q)
∗ψ2(Q)
|Q| (18)
and states obey the evolution equation
−∂
2ψ(Q, λ)
∂λ2
= |Qˆ|
̂sin(δP )
δ
|Qˆ|
̂sin(δP )
δ
ψ(Q, λ) (19)
(adapted to our notation and correcting a sign mistake in [2]).
Nevertheless, this representation is closely related to a quantization of (12). First, we
can transform to a standard ℓ2 inner product by applying a unitary transformation from
ψ(Q) to χ(Q) = ψ(Q)/
√|Q|, such that
(χ1, χ2) =
∑
Q∈~δZ
χ1(Q)
∗χ2(Q) . (20)
The evolution equation for χ is then
−∂
2χ(Q, λ)
∂λ2
=
√
|Qˆ|
̂sin(δP )
δ
|Qˆ|
̂sin(δP )
δ
√
|Qˆ| χ(Q, λ) (21)
=
(√
|Qˆ|
̂sin(δP )
δ
√
|Qˆ|
)2
χ(Q, λ) . (22)
Solutions of this second-order equation are superpositions of solutions of the Schro¨dinger-
like equation
i
∂χ(Q, λ)
∂λ
= ±
∣∣∣∣∣
√
|Qˆ|
̂sin(δP )
δ
√
|Qˆ|
∣∣∣∣∣χ(Q, λ) (23)
in which the Hamiltonian
Hˆ ′δ = ±
∣∣∣∣∣
√
|Qˆ|
̂sin(δP )
δ
√
|Qˆ|
∣∣∣∣∣ = ± 12iδ
∣∣∣∣
√
|Qˆ|
(
̂exp(iδP )− ̂exp(−iδP )
)√
|Qˆ|
∣∣∣∣ (24)
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is clearly a quantization of (12) in a specific factor ordering different from (17).
In order to see whether this ordering may imply qualitatively new features, we should
relate (17) to (24). Using basic relationships such as hˆδ
√
|Qˆ| =
√
|Qˆ+ ~δ|hˆδ, we write√
|Qˆ|̂sin(δP )
√
|Qˆ| = 1
2i
(√
|Q(Q+ ~δ) hˆδ − hˆ†δ
√
|Qˆ(Qˆ+ ~δ)|
)
. (25)
The Hamiltonian (24) can therefore be written in the form (17), but using
Kˆ =
√
|Qˆ(Qˆ+ ~δ)| ̂exp(iδP ) (26)
instead of
Jˆ = Qˆ ̂exp(iδP ) . (27)
The reality condition
Jˆ Jˆ† = Qˆ2 (28)
is replaced by
KˆKˆ† = |Qˆ(Qˆ+ ~δ)| . (29)
With this new ordering, the brackets of sl(2,R) may be violated, but only for small
Q: While the brackets [Qˆ,ReKˆ] and [Qˆ, ImKˆ] are of the correct form, for the remaining
bracket we obtain
[Kˆ, Kˆ†] =
[√
|Qˆ(Qˆ + ~δ)| ̂exp(iδP ), ̂exp(−iδP )
√
|Qˆ(Qˆ+ ~δ)|
]
= |Qˆ(Qˆ+ ~δ)| − ̂exp(−iδP )|Qˆ(Qˆ + ~δ)| ̂exp(iδP )
= |Qˆ(Qˆ+ ~δ)| − |(Qˆ− ~δ)Qˆ| =
{
2~δQˆ if |Q| ≥ ~δ
2Qˆ2sgnQˆ if |Q| < ~δ (30)
where the inequalities for |Q| correspond to the support of a state in the Q-representation
on which the commutator acts.
The new commutation relation (30) together with (29) shows that
|Qˆ(Qˆ+ ~δ)| − (ReKˆ)2 − (ImKˆ)2 = |Qˆ(Qˆ+ ~δ)| − 1
2
(KˆKˆ† + Kˆ†Kˆ) =
1
2
[Kˆ, Kˆ†]
=
{
~δQˆ if |Q| ≥ ~δ
Qˆ2sgnQˆ if |Q| < ~δ . (31)
Therefore, restricted to the subspace on which [Kˆ, Kˆ†] is linear in Qˆ, we have an sl(2,R)-
representation with Casimir operator
Qˆ2 − (ReKˆ)2 − (ImKˆ)2 = 0 , (32)
which is inequivalent to the representation given by (16). This representation, chosen
implicitly in [2], is also a reducible combination of discrete-series representations, given by
D+1 ⊕D−1 .
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If one uses a representation in which Qˆ has discrete spectrum ~δZ, only a 1-dimensional
subspace is subject to the formally non-linear relation in (30). Since this subspace is
annihilated by Qˆ, there is in fact no non-linearity in such a representation. However, the
non-linearity exhibited in (30) may be relevant for other representations, for instance if one
follows [22] and uses a non-separable Hilbert space on which Qˆ has a discrete spectrum
containing all real numbers, including non-zero eigenvalues in the range between −~δ and
~δ. Even then, the deviation from linear behavior is rather weak, and affects only wave
functions that have a small expectation value |〈Qˆ〉| < ~δ. For such solutions, which
are relevant if infrared renormalization is taken into account, quantum back-reaction of
fluctuations on expectation values is more pronounced than in the complete sl(2,R)-model
(17), and any identities between expectation values and moments derived from properties
of sl(2,R) may be violated. The latter consequence may have implications for non-bouncing
solutions, to which we turn now.
3 Solutions
Both models, the original one using the Hamiltonian (17) in [6] and the later one using the
Hamiltonian (24) in [2] have been called “solvable.” However, the degree of solvability as
demonstrated so far is quite different. Since (17) is part of a completely linear system, there
is no quantum back-reaction of fluctuations and higher moments of a state on expectation
values, leading to dynamical coherent behavior. Using (24), it so happens that one can
find analytic solutions for evolving wave functions, but this is a formal kind of solvability
that does not need to imply any physical properties. In fact, as shown by (30), this choice
of factor orderings may lead to non-linear brackets and therefore quantum back-reaction,
depending on how Qˆ is represented. Dynamical states that get close to small volume in this
model do not fully maintain coherence. However, if one uses a representation on which Qˆ
has discrete spectrum ~δZ, our result (30) demonstrates that the model of [2] has a hidden
form of solvability equivalent to the explicit solvability of the model given in [6].
Even in the ordering (17) or in a restriction of (24) to the subspace on which (30)
is linear, the solvable nature of the dynamics could be challenged by the absolute value
in (12), which is not a linear function. However, as pointed out already in [23], one can
eliminate the absolute value if one works with states that are supported only on either the
positive or negative part of the spectrum of ImJˆ . For such states, the system with the
ordering (17) is fully linear. One may wonder whether restricting the support of states
could limit the size of quantum fluctuations of Q or P , which will play an important role
in our subsequent classification of bouncing and non-bouncing solutions. A separate paper
will demonstrate that this is not the case [24].
3.1 Fluctuations
Given a linear algebra of basic operators (Qˆ, Jˆ) and the Hamiltonian Hˆδ in (17), Heisen-
berg’s equations of motion for operators or Ehrenfest’s equations for expectation values
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are linear:
d〈Qˆ〉
dλ
= Re〈Jˆ〉 (33)
dRe〈Jˆ〉
dλ
= 〈Qˆ〉 − 1
2
~δ (34)
dIm〈Jˆ〉
dλ
= 0 . (35)
(The shift by −1
2
~δ is absent if (24) is used as Hamiltonian.) They can easily be solved by
〈Qˆ〉(λ) = 1
2
~δ+
1
2
A exp(λ)+
1
2
B exp(−λ) , Re〈Jˆ〉(λ) = 1
2
A exp(λ)− 1
2
B exp(−λ) (36)
with two constants A and B, while Im〈Jˆ〉(λ) = δpλ is constant.
The expectation values are subject to a quantum version of the classical reality con-
dition, which selects the Casimir of sl(2,R). Taking an expectation value of the identity
(28), we obtain the condition(
〈Qˆ〉 − 1
2
~δ
)2
+ (∆Q)2 − (Re〈Jˆ〉)2 − (∆ReJ)2 − (Im〈Jˆ〉)2 − (∆ImJ)2 = −1
4
~
2δ2 , (37)
or (
〈Qˆ〉 − 1
2
~δ
)2
− (Re〈Jˆ〉)2 = δ2 (p2λ − ~2/4)+ δ2(∆pλ)2 + (∆ReJ)2 − (∆Q)2 . (38)
(If (24) and (32) are used, the latter condition reads
〈Qˆ〉2 − (Re〈Jˆ〉)2 = δ2p2λ + δ2(∆pλ)2 + (∆ReJ)2 − (∆Q)2 . (39)
The shift of 〈Qˆ〉 by −1
2
~δ on the left-hand side of (38), as well as the negative term
−1
4
~2δ2 on the right-hand side of this equation, are subject to the main two quantization
ambiguities, as we will see in Sec. 6.1.)
For fluctuations ∆Q smaller than δ
√
pλ − ~2/4, the right-hand side of (38) is guaranteed
to be positive. The resulting condition (〈Qˆ〉 − 1
2
~δ)2 − (Re〈Jˆ〉)2 = AB > 0 can then be
fulfilled for the λ-dependent solutions only if AB > 0 in (36). By adjusting the zero value
of λ, we can always assume that B = |A| unless B = 0 or A = 0. For AB > 0, B = A > 0,
such that
〈Qˆ〉(λ) = 1
2
~δ + A cosh(λ) (40)
follows a bouncing trajectory.
In order to show that a bounce happens generically in this model, one should demon-
strate that Q-fluctuations can never be so large that the right-hand side of (38) is no longer
positive. Semiclassical situations cannot lead to a non-bouncing scenario because semiclas-
sical fluctuations ∆Q cannot overcome the large δpλ. However, as we approach a BKL-type
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singularity, infrared renormalization implies that the averaging volume V0 gets smaller and
smaller, without any non-zero lower bound in the classical theory. Moreover, since the
energy density p2λ/2V
2 is independent of V0, pλ decreases with decreasing V0. Since pλ
decreases by a classical effect, unrelated to ~, it is not inconceivable that δ2(p2λ − ~2/4)
could be smaller than
∆ = (∆Q)2 − δ2(∆pλ)2 − (∆ReJ)2 . (41)
Note that products of fluctuations such as ∆Q∆P are bounded from below by uncertainty
relations independent of V0. Therefore, they are not suppressed as much by infrared renor-
malization and can remain significant even as Q gets smaller and smaller; see [25] for a
detailed discussion.
If the fluctuations collected in ∆ are so large that they cancel out the term δ2(p2λ−~2/4),
the constants in our solutions (36) have to obey AB = 0, such that A = 0 or B = 0, in
which case we have a non-bouncing
〈Qˆ〉(λ) = 1
2
~δ +
1
2
A exp(±λ) (42)
that resembles the singular classical solutions. If fluctuations are just slightly larger, AB <
0 implies that we can adjust the zero value of λ such that B = −A, in which case
〈Qˆ〉(λ) = 1
2
~δ ±A sinh(λ) (43)
follows a non-classical non-bouncing trajectory.
The relationship between fluctuations and expectation values, or detailed knowledge
of the quantum state close to a singularity, is therefore required to see whether a bounce
happens generically. The non-trivial nature of this behavior is shown by a result of [26]:
For a state Gaussian in Q, ∆ is always negative, even if the state is squeezed. Expectation
values of such a state always bounce, provided that pλ >
1
2
~. For a state which is still
Gaussian and possibly squeezed, but in log |Q| rather than Q, ∆ = 0 and only the small
(infrared-renormalized) δ2p2λ remains in addition to −~2/4. This contribution may still be
positive, so that these states could bounce as well, but only if pλ is above a minimal value
which need not be respected by infrared renormalization. Since the model of [2] implies
the condition (39) in which the term −1
4
~2δ2 is absent, any non-zero pλ, however small,
would lead to bouncing solutions even if ∆ = 0. In this sense, [2], compared with [6],
makes bouncing solutions more likely.
So far the possibility has not been ruled out that a non-Gaussian state might lead
to ∆ > 0, such that even the positive δ2p2λ could be overcome. No such state has been
found yet, but not much of the state space has been explored beyond Gaussian ones, and
going beyond Gaussian wave functions in a systematic way requires a tedious analysis.
At present it is therefore impossible to conclude, based on such methods, that a bounce
happens generically. However, we are now able to demonstrate the genericness of bouncing
solutions within the model of [2] (but not within loop quantum cosmology in general)
using our identification of this model with the reducible representation of sl(2,R) derived
in Sec. 2.2.
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3.2 Representation theory
There is an interesting relationship between the possibility of non-bouncing solutions and
representation theory of sl(2,R). In the two examples with Casimirs (16) and (32), re-
spectively, it is possible to use a reducible representation which is a direct sum of two
irreducible ones, one such that Q > 0 and one such that Q < 0 in terms of Qˆ-eigenvalues.
Therefore, an evolving state supported on Q > 0 initially will always be supported on
Q > 0 if evolution is generated by an sl(2,R)-element in the same representation. Time-
dependent expectation values such as (43) are then impossible, and Q = 0 will never be
crossed. The non-bouncing possibility (42) with Q = 0 approached asymptotically is not
ruled out by this statement. However, such a solution, with AB = 0 in (36), requires a
specific value of the fluctuation parameter ∆ in (41) for fixed pλ, and would therefore not
be considered generic. Within a given model of this form, bouncing solutions are therefore
generic, but we should examine the possibility of other sl(2,R)-representations, in addition
to what has serendipitously been selected in [6] or [2], before we can tell whether bouncing
solutions are generic within loop quantum cosmology, understood as any quantum model
with holonomy-modified dynamics.
The reducible representations implicitly used in [6] and [2] make use of the discrete
series, on which the Casimir R has to respect the inequality R ≥ −1
4
~2δ2 [20]. The limiting
value is realized in (16), while (32) makes a more advantageous choice of the Casimir,
increasing the likelihood of bouncing solutions. For general R, δ2(p2λ − ~2/4) in (38) is
replaced by δ2p2λ+R. (Moreover, as shown in (39), the shift of 〈Qˆ〉 by 12~δ in (38) is absent
if the derivation is repeated in the model of [2] where according to (30) an unshifted Qˆ is one
of the algebra generators.) Compared with the limiting value of (16), larger fluctuations are
therefore necessary for AB = 0 in (36) to result from imposing the reality condition, and
non-bouncing solutions are less likely. Choosing R = 0, as implicitly done in [2], therefore
makes bounces more likely than choosing R = −1
4
~2δ2 as in [6], and representations with
R > 0 that have not been studied yet would further enhance this likelihood.
Representations in the continuous series, which so far have not been studied in this
context either, respect the inequality R < 0, all of which decrease the likelihood of a
bounce. Moreover, in this case a representation containing both positive and negative
eigenvalues ofQ is irreducible, such that a Hamiltonian constructed in such a representation
is able to map a state supported on Q > 0 to a state with some support on Q < 0. The
non-bouncing possibility of (43) is therefore not ruled out, and bouncing solutions do not
appear to be generic. Our argument using fluctuations ∆ in (38) shows that non-bouncing
solutions should indeed be more likely precisely for a negative range of R, in which case
we have irreducible representations in which Q > 0 can be mapped to Q < 0. From a
fundamental perspective, see for instance [27], one may prefer an irreducible representation
of the dynamical algebra, which supports the possibility of non-bouncing solutions.
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4 Analog harmonic oscillators
The role of fluctuations can nicely be illustrated by analog models using upside-down
harmonic oscillators. The classical HamiltonianQP is equivalent to such an oscillator based
on the canonical transformation
√
2 q = Q−P , √2 p = Q+P such that QP = 1
2
(p2− q2).
However, for a generalization to the holonomy-modified model, it is more convenient to
proceed without applying a canonical transformation. In the classical case, we can derive
an analog model of the Hamiltonian system generated by H = QP by rewriting the first-
order equations it generates, Q˙ = Q and P˙ = −P , in terms of a second-order equation for
Q. If Q˙ = Q, we have Q¨ = Q˙ = Q, which is the second-order equation of motion generated
by the upside-down harmonic Hamiltonian
Hanalog =
1
2
(π2 −Q2) (44)
with momentum π = Q˙. Again using Q˙ = Q, we obtain π = Q or E = Hanalog = 0 on
solutions we are interested in. The first-order equations generated by QP are therefore
equivalent to equations of motion generated by Hanalog together with the condition that the
energy be zero. Standard knowledge about the upside-down oscillator then immediately
shows that we have solutions of the form (42) in which Q = 0 is approached asymptotically.
For the loop model, the first-order equations generated by (17) are given in (33). Ignor-
ing the constant shift of Q by −1
2
~δ, which is irrelevant here, we still have the second-order
equation Q¨ = dReJ/dλ = Q, corresponding to the same analog Hamiltonian Hanalog used
for the unmodified dynamics in (44). However, π = Q˙ = ReJ 6= Q in general, such that
we are looking for solutions with non-zero energy. Again, standard knowledge about the
upside-down oscillator shows that negative energies give rise to bouncing solutions (40),
while positive energies imply non-bouncing solutions (43).
In the loop model, the energy of analog solutions is determined by quantum fluctuations.
Since π = ReJ , we can derive its relationship with Q using the reality condition
−2E = Q2 − (ReJ)2 = δ2(p2λ − ~2/4)−∆ . (45)
(See (38) and (41).) Therefore, we have E < 0 and bouncing solutions if ∆ is sufficiently
small or negative. However, we may have non-bouncing solutions of the form (42) if E = 0,
or of the form (43) if E > 0. In the latter two cases, pλ must be such that δ
2(p2λ−~2/4) < ∆.
Factor-ordering choices affect the potential of an analog model. For instance, the non-
linear relation (30) for |Q| < ~δ implies that Q¨ is proportional to Q2sgnQ instead of Q,
which requires an anharmonic potential proportional to −|Q|3. This potential still vanishes
at Q = 0 where it has a local maximum. Qualitatively, the behavior of solutions with
different energies is therefore similar to the harmonic analog system, but the anharmonic
potential likely leads to more significant changes of fluctuations, or ∆, during evolution.
In these analog models, the question of whether there is a bounce is a matter of initial
values rather than the dynamics. Initial values, in turn, are determined by the quantum
state relevant in the small-volume regime.
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5 Bounded densities
Different versions of upper bounds on the energy density have been derived in Hilbert-space
representations of models of loop quantum cosmology [2, 3]. At first sight, the possibility
of non-bouncing solutions for Q approaching or crossing zero seems to be inconsistent with
such bounds, a conclusion which is often suggested in the literature. However, we can
explicitly demonstrate that there is no inconsistency. After all, the density p̂2φ/2V
2, or as
a simpler substitute the positive expressions Qˆ2 or Qˆ−2, may have bounded expectation
values even if 〈Qˆ〉 is zero, simply because 〈Qˆ2〉 = 〈Qˆ〉2 + (∆Q)2 contains a contribution
from fluctuations.
A more refined argument that suggests a strict relationship between density bounds and
bouncing solutions refers to the Planckian value of the upper bound on energy densities
derived in [2, 3], which agrees with the Planckian density usually obtained at the bounce
point of bouncing solutions in models of loop quantum cosmology. However, even such
a quantitative relationship does not imply that general statements about energy bounds
imply bouncing solutions. In order to demonstrate this perhaps subtle statement, we use
the algebraic model to derive a bound on 〈Qˆ2〉, which we can then analyze in the bouncing
case AB > 0 in (36) and in the non-bouncing one, AB ≤ 0. To be specific, we first assume
sl(2,R)-relations such that there is no shift of Q and a zero Casimir, corresponding to the
model of [2].
Ehrenfest’s equations of motion can be derived in the linear model not only for expec-
tation values but also for fluctuations. Unlike expectation values, fluctuations are subject
to uncertainty relations, which bound possible initial values for their equations of motion.
Fluctuations and expectation values therefore have different positivity properties, which is
relevant for the existence of local minima.
Volume fluctuations in the linear model always obey the relation [23]
(∆Q)2(λ) =
1
2
(c3 exp(−2λ) + c4 exp(2λ))− 1
4
(c1 + c2) (46)
with constants ci, where
c1 = −∆ = AB − δ2p2λ (47)
and
c1 − c2 = 2δ2(∆pλ)2 . (48)
Since (∆Q)2(λ) ≥ 0 for all λ, c3 and c4 cannot be negative. Moreover, as shown in [28],
uncertainty relations imply that
c3c4 ≥ ~2δ2p2λ +
1
4
(c1 + c2)
2 > 0 . (49)
Therefore, c3 and c4 are strictly positive for all states, such that (∆Q)
2(λ) always has
a local minimum. It is located at λ = 1
4
log(c3/c4), at which time we have the minimal
fluctuations
(∆Q)2min =
√
c3c4 − 1
4
(c1 + c2) . (50)
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For a dynamical coherent state [23], for instance,
(∆Q)2min =
1
2
√
~2δ2p2λ + δ
4(∆pλ)4 +∆2 + 2∆δ2(∆pλ)2 +
1
2
δ2(∆pλ)
2 +
1
2
∆ (51)
in which ∆ is the only parameter characterizing the state that does not refer to the matter
ingredients. It is easy to see that (∆Q)2min, as a function of ∆, is monotonically increasing,
with lim∆→∞(∆Q)
2
min = ∞ and lim∆→−∞(∆Q)2min = 0. For large ∆ > 0, we have the set
of states that may not bounce because ∆ can overcome δ2p2λ. However, in this range of ∆,
(∆Q)2min is large, which explains why 〈Qˆ2〉 = 〈Qˆ〉2 + (∆Q)2 can be bounded even if 〈Qˆ〉
approaches or crosses zero.
In order to demonstrate a strict bound for 〈Qˆ2〉 as well as its Planckian nature, we
combine 〈Qˆ〉(λ) from (36) with (∆Q)2(λ) from (46):
〈Qˆ2〉(λ) = 〈Qˆ〉(λ)2 + (∆Q)2(λ)
=
1
4
(
(2c3 + A
2) exp(−2λ) + (2c4 +B2) exp(2λ)
)
+
1
2
AB − 1
4
(c1 + c2) . (52)
Because both c3 and c4 are positive, we have (2c3+A
2)(2c4+B
2) > 0 and 〈Qˆ2〉(λ), unlike
〈Qˆ〉(λ), always has a local minimum, even if AB ≤ 0:
〈Qˆ2〉min = 1
2
√
(2c3 + A2)(2c4 +B2) +
1
2
AB − 1
4
(c1 + c2) . (53)
Since the square root is always positive, this minimum is bounded from below by
〈Qˆ2〉min > 1
2
AB − 1
4
(c1 + c2) =
1
2
δ2p2λ +
1
4
(c1 − c2) = 1
2
δ2
(
p2λ + (∆pλ)
2
)
=
1
2
δ2〈pˆ2λ〉 , (54)
using (47) and (48).
We are now ready to obtain an upper bound for the energy density ρ = p2φ/2V
2, which
we define as 〈pˆ2φ〉2/2〈Vˆ 2〉 on quantum states. (There is no unique operator for the energy
density. Other definitions are related to our choice through additional fluctuation terms,
which may change upper bounds.) If 〈Qˆ2〉 is bounded from below, ρ is bounded from above
for fixed pφ. Using the relationships |Q| = 4πGV and pφ =
√
12πGpλ for x = −1/2, we
obtain
ρ =
3
8πG
p2λ
Q2
≤ 3
4πGδ2
= 2ρQG (55)
where ρQG is the energy density at which large-volume solutions (40) bounce, such that
ρQG ≈ ρP if δ ≈ ℓP for x = −1/2. Therefore, even if we do not have a bouncing solution,
that is if A and B are such that the volume is of the form (43) or (42), the energy density
is bounded from above by a fixed multiple of the Planck density. Similarly, for general x
we have the Q-dependent density bound
ρ =
3
8πG
p2λ
Q2((8πG/3)(1− x)|Q|)(1+2x)/(1−x)
≤ 3
4πGδ2((8πG/3)(1− x)|Q|)(1+2x)/(1−x) =
2ρQG
((8πG/3)(1− x)|Q|)(1+2x)/(1−x) . (56)
15
It is interesting to contrast the limiting case AB = 0 with the Wheeler–DeWitt model,
that is, the quantized model without holonomy modifications. For Hˆ = ±1
2
(QˆPˆ + Pˆ Qˆ),
Ehrenfest’s equation
d〈Qˆ〉
dλ
= ±〈Qˆ〉 (57)
is solved by 〈Qˆ〉(λ) = 1
2
A exp(±λ), which is of the form (42). However, fluctuations in this
model are crucially different from (46): For fluctuations, Ehrenfest’s equations imply
d(∆Q)2
dλ
= ±2(∆Q)2 , (58)
such that ∆Q ∝ exp(±λ). Although this solution (squared) is formally of the form (46), it
would require c3c4 = 0 which in the holonomy-modified model is ruled out by uncertainty
relations. For this reason, the Wheeler–DeWitt model does not obey density bounds:
Our derivation cannot be applied to this model because (∆Q)2(λ) then does not have a
local minimum. The solution (42), obtained with AB = 0 in the loop model, therefore
describes a different state compared with the Wheeler–DeWitt solution, even though it has
an identical behavior of 〈Qˆ〉(λ).
6 Quantization ambiguities
We have already seen one example of a factor ordering choice, using Kˆ in (30) instead of Jˆ
as implicitly done in [2], that affects the dynamics of states, in particular at small volume.
Such ambiguities are therefore relevant for the question of whether there may be a generic
bounce. Other ordering ambiguity can be formulated within the completely linear model.
6.1 Representations
Quantizing the solvable model amounts to the choice of an irreducible representation of
sl(2,R). Inequivalent representations are classified by the value R of the Casimir operator
Qˆ2−(ReJˆ)2−(ImJˆ)2 = R. As we have seen, the interpretation |ImJ | = δpλ in a cosmolog-
ical model means that expectation values of the volume variable Q and its time derivative
related to ReJ obey the relation
〈Qˆ〉2 − 〈ReJˆ〉2 = δ2p2λ +R−∆ (59)
with a fluctuation term ∆; see (38). If the right-hand side is positive, 〈Qˆ〉(λ) is cosh-
like and bounces, while it is exponential or sinh-like, and therefore non-bouncing, if the
right-hand side is zero or positive.
For unitary irreducible representations of sl(2,R) on which Qˆ has positive and negative
eigenvalues, we must use the continuous series, on which the Casimir is restricted by the
inequality R < 0. Bouncing solutions are most likely for small |R|, close to the discrete-
series value implicitly chosen in the quantization used in [2]. But any negative R helps
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to overcome the positive term δ2p2λ, which is small thanks to infrared renormalization. A
quantization using R close to zero, as in [2], is therefore highly non-generic, and it cannot
be used to determine robust features of possible quantum models.
In terms of reducible representations with both positive and negative eigenvalues of
Qˆ, there are infinitely many choices in addition to the two explicit examples (16) and
(32) shown so far. For any k > 0, we may use the representation D+k ⊕ D−k such that
R = k(k − 1). (Recall that k = 1/2 in (16) and k = 1 in (32).) On these representations,
the eigenvalues of Q are given by |Q| ∈ k + N0 and therefore obey the inequality |Q| ≥ k.
All these representations imply Hamiltonians that preserve sgnQ and therefore rule out
the non-bouncing behavior (43), but not (42). Any choice with k ≥ 1 makes bouncing
solutions more likely because the fluctuation term ∆ would have to overcome not only
δ2p2λ but δ
2p2λ + k(k − 1) for solutions with AB = 0 in (36). However, choosing these
representations, which are reducible and such that a range of Q-eigenvalues around zero is
excluded, would constitute an ad-hoc way of increasing the likelihood of bouncing solutions.
The value of R also has an effect on density bounds. If R 6= 0, δ2p2λ in (47), and
therefore δ2〈pˆ2λ〉 in (54), is replaced by δ2〈pˆ2λ〉 + R. For negative R, 〈Qˆ2〉min may be zero
for some states, such that no upper bound on the expected density is then obtained even
if pλ is fixed. Also regarding the question of bounded densities, therefore, [2] inadvertently
made a beneficial but highly non-generic choice of a quantization.
In order to see another ambiguity, let us define the sl(2,R) ladder operator Jˆ as
Jˆ = hˆδ1Qˆhˆδ2 (60)
with δ1+ δ2 = δ, such that our previous Jˆ is obtained for δ1 = 0. Using basic commutator
relationships as before, we derive
Jˆ = (Qˆ+ ~δ1)hˆδ . (61)
The brackets [Qˆ, Jˆ ] and [Qˆ, Jˆ†] remain unchanged, but we now have
[Jˆ , Jˆ†] = 2~δ
(
Qˆ+ ~(δ1 − δ/2)
)
. (62)
The Casimir R = −1
4
~2δ2 in this class of quantizations is independent of δ1.
The linear nature of the model is preserved, but in our previous relations Qˆ is shifted
by a constant to Qˆ+~δ1. In particular, an arbitrary constant ~δ1 can be subtracted from a
bouncing solution (40), possibly pushing the local minimum to negative values, accompa-
nied by two zeros of 〈Qˆ〉(λ). For small-volume solutions (after infrared renormalization),
even a small ~δ1 can lead to this singular behavior. Large fluctuations are not required
in this case. With a positive δ1, this type of quantization ambiguity can lead to singular
solutions even in quantizations based on reducible representations using the discrete series:
Even though the expectation value of the corresponding sl(2,R)-generator Lˆ0 = Qˆ + ~δ1
would never cross zero based on our previous arguments, the expectation value of the triad
operator Qˆ = Lˆ0 − ~δ1 can cross zero if δpλ is sufficiently small.
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6.2 Inverse-volume corrections
Another source of quantization ambiguites is given by inverse-volume corrections [10],
which we have not considered in detail so far. These corrections do not preserve the
linearity of the model and can therefore lead to further differences compared with a simple
bouncing solution such as (40). An obvious place for inverse-volume corrections to appear is
the matter Hamiltonian, 1
2
p2φ/V for a free massless scalar. If this Hamiltonian is multiplied
with a correction function that approaches zero at small V , the small-volume behavior is
clearly modified. The general small-volume behavior of inverse-volume corrections is of the
power-law form f(Q) ∼ f0Qn with a positive integer n > 0, where both n and f0 depend
on quantization ambiguities [29, 30].
A second, less obvious place for inverse-volume corrections is on the gravitational side
of the Hamiltonian constraint or the Friedmann equation (2). Even though the classical
contribution V P 2 does not contain an inverse V , any embedding of this isotropic term in an
anisotropic model requires inverse triad components [31, 32]. Therefore, both sides of the
Friedmann equation can receive independent correction functions of the form f(Q) ∼ f0Qn,
with different f0 and n in each case. We can then combine these two functions by bringing
both of them to one side, say the gravitational one. The ratio of these two functions is
again of the form f(Q) ∼ f0Qn, but the integer n is no longer restricted to be positive.
Inserting such a function in the full Hamiltonian constraint and solving for pφ implies
that the previous Hamiltonian QP is replaced by the non-quadratic |Q|1−n/2P , or the
non-linear |Q|−n/2ImJ/δ. In terms of analog models, Q¨ = (1 − n/2)|Q|−n/2Q˙sgnQ =
(1− n/2)|Q|1−nsgnQ requires a potential
W (Q) = −1
2
|Q|2−n . (63)
For n ≤ 2, the qualitative behavior of solutions for given energy values is the same as in
the harmonic case. If n > 0, Q = 0 may be reached even for negative-energy solutions.
Inverse-volume corrections therefore make it more likely that small-volume solutions do
not bounce.
7 Implications for signature change
The possibility of various bouncing or non-bouncing solutions (40), (42), or (43) implies
an interesting behavior regarding signature change. This phenomenon has so far been
considered only for bouncing solutions (40). But modified space-time structures that could
give rise to signature change are most likely realized at small volume where non-bouncing
solutions are possible as well.
Space-time structure cannot be derived within a homogeneous model but rather requires
an embedding in perturbative or some other form of inhomogeneity. The perturbative
[33, 34] and midisuperspace case [35, 36, 37] have been studied in some detail, indicating a
generic modification of the space-time structure as a consequence of holonomy corrections
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[38]: Whenever an inhomogeneous Hamiltonian constraint H [N ] is holonomy-modified by
extending the replacement of P with sin(δP )/δ to inhomogeneity, its Poisson bracket
{H [N1], H [N2]} = D[β(P )qab(N1∂bN2 −N2∂bN1)] (64)
differs from the classical bracket (β = 1) by a function
β(P ) = cos(2δP ) . (65)
Via Dirac’s hypersurface deformations [39], any β 6= 1 demonstrates a modified space-time
structure. In particular, if β can be negative for certain P , such as around a local maximum
of sin(δP ) in the case of (65), space-time has Euclidean signature [40, 41, 42, 43, 44].
For bouncing solutions (40), signature change happens around the local minimum of
〈Qˆ〉(λ), implying that the bounce, even if it occurs, is not deterministic. (The initial-value
problem is not well-posed in Euclidean signature.) This result can be rederived for our
solutions, where, as a new feature, we take into account the quantization ambiguity δ1. In
order to express β in terms of our solutions (36), we use ReJ = Q cos(δP ) and write
β = cos(2δP ) = 2 cos2(δP )− 1 = 2
(
ReJ
Q
)2
− 1 . (66)
The bouncing solution (40) is obtained for AB > 0, such that we can assume A = B > 0
by choosing a suitable zero value of λ. Therefore,
ReJ(λ) = A sinh(λ) , Q(λ) = A cosh(λ)− ~δ1 (67)
implies a non-constant
β(λ) = 1− 21− 2~δ1A
−1 cosh(λ) + ~2δ21/A
2
(cosh(λ)− ~δ1/A)2 . (68)
While β → 1 for large λ, β(0) = −1 at the local minimum of Q(λ). Around the bounce,
space-time is therefore Euclidean.
The situation is rather different for our new, non-bouncing solutions. The case of
AB = 0, or (42), is interesting because it implies that ReJ = Q+ ~δ. In this case,
β = 2
(
1 +
~δ1
Q
)2
− 1 = 1 + 4~δ1
Q
+ 2
~2δ21
Q2
. (69)
Therefore, β = 1 of δ1 = 0, and the classical space-time structure is realized even at small
volume. For AB < 0, we have
ReJ(λ) = A cosh(λ) , Q(λ) = A sinh(λ)− ~δ1 (70)
and
β(λ) = 1 + 2
1 + 2~δ1A
−1 sinh(λ)− ~2δ21/A2
(sinh(λ)− ~δ1/A)2 = −1 + 2
1 + sinh2(λ)
(sinh(λ)− ~δ1/A)2 . (71)
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This function is negative for sinh(λ) between
s± = −~δ1
A
±
√
2
√
~2δ21/A
2 − 1 . (72)
For δ1 = 0, β is always positive, such that there is no signature change even though the
space-time structure is non-classical (β > 1).
8 Conclusions
We have derived several new results related to algebraic properties of solvable models
of loop quantum cosmology, relevant for the question of whether bouncing solutions are
generic. A copious amount of quantization ambiguities has been illustrated by an explicit
relationship between the algebraic and Hilbert-space treatments of such models in Sec. 2.2.
There are two main independent types of ambiguities, related to choices of factor order-
ings and inequivalent representations through the value of a Casimir variable. In Sec. 6.1,
we have parameterized their outcomes in solutions of dynamical equations by the shift δ1 of
the volume expectation value and the Casimir R which appears in the reality condition and
determines implications of quantum fluctuations. This result has revealed that the Hilbert-
space treatment given in [2] is far from being unique. Although the final representation
(on a physical Hilbert space) used in this context has been derived from a representation
on a kinematical Hilbert space, the latter is subject to choices and assumptions, for in-
stance regarding inner products, which are difficult to classify. The algebraic treatment, by
contrast, can build on the representation theory of sl(2,R) in order to determine possible
quantization choices, and to relate them to physical outcomes. As a consequence, it can be
seen that [2] implicitly made several specific choices for ambiguous objects that increase
the likelihood of bouncing solutions, corresponding to the values R = 0 and δ1 = 0 in our
classification of Sec. 6.1.
Our analysis in Sec. 2.2 led us to an identification of the quantization given in [2] with
a specific representation of sl(2,R). This representation is reducible, given by the direct
sum of two irreducible representations in the discrete series. Each of these two irreducible
representations is such that only eigenstates of the triad operator Qˆ of a specific sign are
included. The representation used in [2] therefore does not include an operator that would
map a state supported on Q > 0 to a state with some support on Q < 0. This observation,
based on representation theory, allowed us to prove, for the first time, that bouncing
solutions are generic in the model constructed in [2]; see Sec. 3.2. However, this conclusion
has a sobering side too: Within the set of all possible representations of sl(2,R), which
all amount to quantizations of holonomy-modified cosmological dynamics and therefore
constitute loop quantum cosmology, choosing a specific representation, as implicitly done
in the construction of [2], appears to be rather ad-hoc. Moreover, within the chosen
representation, [2] also implicitly selected a factor ordering such that the triad operator
Qˆ is a generator of sl(2,R). More generally, there can be a constant shift determined by
a quantization ambiguity δ1 in Sec. 6.1, such that the generator Lˆ0 is given by Qˆ shifted
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by a constant. Each of the two irreducible representations then has a fixed sign of Lˆ0-
eigenvalues, and for a suitable sign of the shift constant, 〈Qˆ〉 can cross zero and change
sign even if 〈Lˆ0〉 never does so in the given representation.
From this perspective, bouncing solutions are generic in the model of [2] only because
the dynamics is formulated such that sgnQ is fixed on an irreducible subrepresentation,
which in combination with the discrete spectrum of Qˆ implies that Q = 0 cannot be
reached. There are irreducible representations of sl(2,R), each of which includes states with
positive as well as negative eigenvalues of Qˆ. All representations in the continuous series
are of this form, and they may be preferred on fundamental grounds because they provide
irreducible representations of the dynamical algebra. While [2] made a serendipitous choice
of a representation that leads to generic bouncing solutions, bounces are not generic within
loop quantum cosmology in general.
While choices can be made, explicitly or implicitly, that increase the likelihood of bounc-
ing solutions, they still leave room for non-bouncing solutions and therefore do not suffice
to prove that bounces are generic in loop quantum cosmology, in particular in the case of
small-volume relevant near a BKL-type singularity. Within the set of representations of
sl(2,R), there is a large number of possibilities for non-bouncing solutions which asymp-
totically approach or cross zero triad expectation values. While evolution then remains
meaningful in isotropic models, the formulation of inhomogeneous cosmological modes on
such degenerate background geometries would be problematic. Throughout this discussion,
we have seen several detailed relationships between the representation theory of sl(2,R)
and moment equations derived using canonical effective theory.
In Sec. 5, we have shown that, perhaps surprisingly, non-bouncing solutions may be
consistent with Planckian upper bounds on energy densities, but again the specific out-
come depends on quantization ambiguities. Even if the triad expectation value crosses
zero, quantum fluctuations prevent the volume expectation value from being zero. As a
consequence, such upper bounds strongly depend on the form of relevant quantum states
as well as the definition of a density operator. Also here, [2] has managed to implicitly
choose a quantization that is beneficial in producing such a bound. Inverse-volume cor-
rections do not change this qualitative picture, as shown in Sec. 6.2 mainly using a new
set of useful analog models introduced in Sec. 4. An interesting feature of non-bouncing
solutions is that they lead to novel examples of quantum space-time structures, possibly
avoiding signature change.
Acknowledgements
This work was supported in part by NSF grant PHY-1607414.
21
References
[1] A. Ashtekar, T. Pawlowski, and P. Singh, Quantum Nature of the Big Bang: Improved
dynamics, Phys. Rev. D 74 (2006) 084003, [gr-qc/0607039]
[2] A. Ashtekar, A. Corichi, and P. Singh, Robustness of key features of loop quantum
cosmology, Phys. Rev. D 77 (2008) 024046, [arXiv:0710.3565]
[3] W. Kaminski, J. Lewandowski, and T. Pawlowski, Physical time and other conceptual
issues of QG on the example of LQC, Class. Quantum Grav. 26 (2009) 035012,
[arXiv:0809.2590]
[4] M. Bojowald, The BKL scenario, infrared renormalization, and quantum cosmology,
JCAP 01 (2019) 026, [arXiv:1810.00238]
[5] V. A. Belinskii, I. M. Khalatnikov, and E. M. Lifschitz, A general solution of the
Einstein equations with a time singularity, Adv. Phys. 13 (1982) 639–667
[6] M. Bojowald, Large scale effective theory for cosmological bounces, Phys. Rev. D 75
(2007) 081301(R), [gr-qc/0608100]
[7] M. Bojowald, Loop Quantum Cosmology, Living Rev. Relativity 11 (2008) 4,
[gr-qc/0601085], http://www.livingreviews.org/lrr-2008-4
[8] M. Bojowald, Quantum cosmology: a review, Rep. Prog. Phys. 78 (2015) 023901,
[arXiv:1501.04899]
[9] M. Bojowald, Isotropic Loop Quantum Cosmology, Class. Quantum Grav. 19 (2002)
2717–2741, [gr-qc/0202077]
[10] M. Bojowald, Inverse Scale Factor in Isotropic Quantum Geometry, Phys. Rev. D 64
(2001) 084018, [gr-qc/0105067]
[11] G. Date and G. M. Hossain, Genericity of Big Bounce in isotropic loop quantum
cosmology, Phys. Rev. Lett. 94 (2005) 011302, [gr-qc/0407074]
[12] K. Vandersloot, On the Hamiltonian Constraint of Loop Quantum Cosmology, Phys.
Rev. D 71 (2005) 103506, [gr-qc/0502082]
[13] T. Thiemann, QSD III: Quantum Constraint Algebra and Physical Scalar Prod-
uct in Quantum General Relativity, Class. Quantum Grav. 15 (1998) 1207–1247,
[gr-qc/9705017]
[14] E. R. Livine and M. Mart´ın-Benito, Group theoretical Quantization of Isotropic Loop
Cosmology, Phys. Rev. D 85 (2012) 124052, [arXiv:1204.0539]
22
[15] J. Ben Achour and E. Livine, The Thiemann Complexifier and the CVH algebra
for Classical and Quantum FLRW Cosmology, Phys. Rev. D 96 (2017) 066025,
[arXiv:1705.03772]
[16] J. Ben Achour and E. Livine, Polymer Quantum Cosmology: Lifting quantization
ambiguities using a SL(2,R) conformal symmetry, [arXiv:1806.09290]
[17] J. Ben Achour and E. Livine, Protected SL(2,R) Symmetry in Quantum Cosmology,
[arXiv:1904.06149]
[18] N. Bodendorfer and F. Haneder, Coarse graining as a representation change, Phys.
Lett. B 792 (2019) 69–73, [arXiv:1811.02792]
[19] N. Bodendorfer and D. Wuhrer, Renormalisation with SU(1, 1) coherent states on the
LQC Hilbert space, [arXiv:1904.13269]
[20] V. Bargmann, Irreducible unitary representations of the Lorentz group, Ann. Math.
48 (1947) 568–640
[21] N. Bodendorfer, A note on the scalar products in sLQC, Class. Quantum Grav. 36
(2019) 087003, [arXiv:1810.12087]
[22] A. Ashtekar, M. Bojowald, and J. Lewandowski, Mathematical structure of loop
quantum cosmology, Adv. Theor. Math. Phys. 7 (2003) 233–268, [gr-qc/0304074]
[23] M. Bojowald, Dynamical coherent states and physical solutions of quantum cosmo-
logical bounces, Phys. Rev. D 75 (2007) 123512, [gr-qc/0703144]
[24] M. Bojowald, Properties of fluctuating states in loop quantum cosmology, [in prepa-
ration]
[25] M. Bojowald, Effective field theory of loop quantum cosmology, Universe 5 (2019)
44, [arXiv:1906.01501]
[26] M. Bojowald, Fluctuation energies in quantum cosmology, Phys. Rev. D 89 (2014)
124031, [arXiv:1404.5284]
[27] C. J. Isham, Topological and Global Aspects of Quantum Theory, In B. S. DeWitt
and R. Stora, editors, Relativity, Groups and Topology II, 1983.
[28] M. Bojowald, Harmonic cosmology: How much can we know about a universe before
the big bang?, Proc. Roy. Soc. A 464 (2008) 2135–2150, [arXiv:0710.4919]
[29] M. Bojowald, Quantization ambiguities in isotropic quantum geometry, Class. Quan-
tum Grav. 19 (2002) 5113–5130, [gr-qc/0206053]
[30] M. Bojowald, Loop Quantum Cosmology: Recent Progress, Pramana 63 (2004)
765–776, [gr-qc/0402053]
23
[31] M. Bojowald, Homogeneous loop quantum cosmology, Class. Quantum Grav. 20
(2003) 2595–2615, [gr-qc/0303073]
[32] M. Bojowald, G. Date, and K. Vandersloot, Homogeneous loop quantum cosmol-
ogy: The role of the spin connection, Class. Quantum Grav. 21 (2004) 1253–1278,
[gr-qc/0311004]
[33] M. Bojowald, G. Hossain, M. Kagan, and S. Shankaranarayanan, Anomaly freedom in
perturbative loop quantum gravity, Phys. Rev. D 78 (2008) 063547, [arXiv:0806.3929]
[34] T. Cailleteau, L. Linsefors, and A. Barrau, Anomaly-free perturbations with inverse-
volume and holonomy corrections in Loop Quantum Cosmology, Class. Quantum
Grav. 31 (2014) 125011, [arXiv:1307.5238]
[35] J. D. Reyes, Spherically Symmetric Loop Quantum Gravity: Connections to 2-
Dimensional Models and Applications to Gravitational Collapse, PhD thesis, The
Pennsylvania State University, 2009
[36] M. Bojowald, G. M. Paily, and J. D. Reyes, Discreteness corrections and higher spatial
derivatives in effective canonical quantum gravity, Phys. Rev. D 90 (2014) 025025,
[arXiv:1402.5130]
[37] M. Bojowald and S. Brahma, Covariance in models of loop quantum gravity: Gowdy
systems, Phys. Rev. D 92 (2015) 065002, [arXiv:1507.00679]
[38] A. Barrau, M. Bojowald, G. Calcagni, J. Grain, and M. Kagan, Anomaly-free cos-
mological perturbations in effective canonical quantum gravity, JCAP 05 (2015) 051,
[arXiv:1404.1018]
[39] P. A. M. Dirac, The theory of gravitation in Hamiltonian form, Proc. Roy. Soc. A
246 (1958) 333–343
[40] M. Bojowald and G. M. Paily, Deformed General Relativity and Effective Actions
from Loop Quantum Gravity, Phys. Rev. D 86 (2012) 104018, [arXiv:1112.1899]
[41] J. Mielczarek, Signature change in loop quantum cosmology, Springer Proc. Phys.
157 (2014) 555, [arXiv:1207.4657]
[42] M. Bojowald and J. Mielczarek, Some implications of signature-change in cosmological
models of loop quantum gravity, JCAP 08 (2015) 052, [arXiv:1503.09154]
[43] M. Bojowald, S. Brahma, U. Bu¨yu¨kc¸am, and F. D’Ambrosio, Hypersurface-
deformation algebroids and effective space-time models, Phys. Rev. D 94 (2016)
104032, [arXiv:1610.08355]
[44] M. Bojowald, S. Brahma, and D.-H. Yeom, Effective line elements and black-
hole models in canonical (loop) quantum gravity, Phys. Rev. D 98 (2018) 046015,
[arXiv:1803.01119]
24
